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Abstract: We explore the validity of vector meson dominance in the radiative decay of the
b1(1235) meson. In order to explain the violation of the vector meson dominance hypothesis
in this decay process, we investigate a model where the b1 meson strongly couples with the
local current in tensor bilinear representation. The tensor representation is investigated in
the framework of the operator product expansion and we found a low energy decay process
that does not follow the usual vector meson dominance hypothesis. The ω-like intermediate
meson state of quantum numbers IG(JPC) = 0−(1−−) is found to have a nontrivial role in
the decay process of the b1 meson. The spectral structure of the ω-like state is found to
be close to a pi-ρ hybrid state, which provides a mechanism that evades the usual vector
meson dominance hypothesis. Precise measurements of various decay channels of the b1
meson are, therefore, required to unravel the internal structure of axial vector mesons.
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1 Introduction
According to the Particle Data Group [1], the axial-vector b1(1235) meson has a mass of
1229.5±3.2 MeV and quantum numbers IG(JPC) = 1+(1+−). Its decay width is estimated
to be Γ(b1) = 142 ± 9 MeV, which is dominated by the b1 → piω decay channel. In
particular, the D-wave to S-wave amplitude ratio in the decay of b1 → piω is found to be
D/S = 0.277± 0.027.1 The radiative decays of the b1(1235) meson were also observed and
the width is estimated as Γ(b1 → pi±γ) = 230± 60 keV [1, 3].2 Since most strong decays of
the b1 meson is in the piω channel, its radiative decay into piγ can be another test for the
vector meson dominance (VMD) hypothesis.
1The b1 → piρ decay violates G-parity conservation. The most recent measurement performed at the
Brookhaven National Laboratory gives D/S = 0.269± (0.009)stat ± (0.01)sys [2].
2The radiative decay of b1 → pi0γ is yet to be measured.
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If the U(1) symmetry part of the vector meson field is conserved, the vector meson
field plays the role of the external electromagnetic field source through the direct coupling
in the form of Lγω ∼ AµV µ [4–8]. This argument is based on the assumption that the
vector meson has the same representation as the electromagnetic current.3 According to
the VMD hypothesis, it is natural to assume that the radiative b1 decay is dominated
by the intermediate ω meson, namely, it leads to the decay chain of b1 → pi±ω → pi±γ.
However, as will be discussed in Sec. 2, such VMD model underestimates the decay width
of b1 → pi±γ [13, 14], and this may imply the possibility that there might be a missing
source or mechanism for the radiative decays of the b1 meson, which dominates over the
mechanism proposed by the VMD hypothesis. The present work is motivated by the idea
that, if the intermediate spin-1 mesonic state is not in exactly the same representation with
the electromagnetic current, then there could be an additional process for the b1 radiative
decay that cannot be ascribed to the VMD hypothesis alone. In other words, another
representation for spin-1 mesonic states can be allowed if it overlaps with the U(1) gauge
boson in low energy regime where flavor symmetry is broken down to SU(2)V [15, 16]. In
this case, the state with the quantum numbers of the ω meson, usually represented by chiral
vector current, can also be represented in the helicity mixed space via a tensor current. We
denote this state as ω¯. In this helicity mixed representation, the b1 → piω¯ decay can be
regarded as a production process of a soft-pion as the b1 and ω¯ states are chiral partners to
each other.
In this study, the properties of the tensor representation for spin-1 mesonic current is
reviewed and their current correlation function is calculated in the framework of operator
product expansion (OPE) [17]. We first discuss the spin-1 mesonic state interpolated by
tensor currents and the b1 decay process in the context of chiral rotation [18, 19]. The
distinct nature of the spin-1 mesonic state in the tensor current correlation is analyzed
through QCD sum rules [20–25]. In the OPE of tensor current correlator, the four-quark
condensates appear as the leading quark contribution. Although the vacuum saturation
hypothesis for the four-quark condensate has been widely used in previous studies, it does
not reflect all the possible vacuum structure of QCD. The factorization scheme is modified
to take into account the non-factorizable part and quark correlation pattern in topologically
nontrivial gauge configuration [26–32]. Within the usual limit of the factorization param-
eters, we will show that the tensor current can strongly couple to the b1 meson as well as
to the pi-ρ continuum state that has the quantum numbers of the ω meson. Analyzing the
b1 → piω¯ decay within the soft pion limit, we find that the ω-like mesonic state ω¯, which
appears in the strong decay of the b1 into the pion, would not be a simple one-particle state
but an anomalous hybrid state. Our analyses will show that this process would be a source
for b1 radiative decays instead of the usual VMD mechanism.
This paper is organized as follows. In section 2, we discuss the problems in the phe-
nomenology of the b1 meson decays. In section 3, a brief review on local bilinear representa-
tions of spin-1 mesonic state and their evolution in chiral symmetry breaking is presented.
Detailed OPE for correlation functions and corresponding spectral analyses with four-quark
3The realization of VMD in effective Lagrangian approaches can be found, for example, in Refs. [9–12].
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condensates are presented in section 4. Section 5 contains discussion and conclusions. We
leave the details on tensor currents and technical remarks on sum rule analysis in Ap-
pendixes.
2 Phenomenology of the b1 meson
In this Section, we review the phenomenology of the b1 meson decays. The major strong
decay channel, i.e., b1 → piω, is discussed and then its radiative decays is discussed in
connection with the VMD hypothesis.
2.1 Strong decay
In quark models, the b1(1235) state is described as a member of the 1P1 nonet (in the 2S+1LJ
notation), where the qq¯ pair is in the relative P -wave state, having quantum numbers
JPC = 1+−. Other members of this nonet may include the h1(1170) and h1(1380) which
are iso-scalars, and K1(1270) or K1(1400) that has one unit of strangeness [14].
The strong decay of the b1 meson is described by the amplitude of an axial-vector meson
(JP = 1+) decay into a vector meson (JP = 1−) plus a pseudoscalar meson (JP = 0−),
which reads
M(1+ → 1−0−) = ε∗ν(1−, pV )Γµν(1+ → 1−0−)εµ(1+, pA), (2.1)
where εµ(1±, p) represents the polarization vector of JP = 1± meson with momentum
p. Here, pA and pV are the momenta of the axial-vector meson and the vector meson,
respectively, and the momentum of the pseudoscalar meson pP is determined by the energy-
momentum conservation, pA = pV + pP . The most general form of the amplitude Γ
µν
reads [33]
Γµν(1+ → 1−0−) = f1gµν + f2(pV − pP )µ(pA + pP )ν + f3(pV + pP )µ(pA + pP )ν
+ f4(pV − pP )µ(pA − pP )ν + f5(pV + pP )µ(pA − pP )ν , (2.2)
where fi’s are form factors. If all of the particles in the decay process are on-mass shell, only
the two terms, f1 and f2, are non-vanishing because of ε(1−, pV ) · pV = ε(1+, pA) · pA = 0.
Therefore, the decay amplitude for b1 → piω constrained by gauge invariance reads [33]
〈ω(k)pi|Hint|b1(q)〉 = −iε∗ν(ω, k)Γµνεµ(b1, q), (2.3)
where the momenta of the b1 and ω mesons are represented by q and k, respectively, and
Γµν = Fb1ωpi
(
gµν − k
µkν
k2
− q
µqν
q2
+
k · q
k2q2
qµkν
)
+Gb1ωpi
(
kµ − k · q
q2
qµ
)(
qν − k · q
k2
kν
)
. (2.4)
Because of the transversality condition, ε(p) · p = 0, however, the terms with qµ or kν
vanish, and we can rewrite it effectively as
Γµν = Fb1ωpig
µν +Gb1ωpik
µqν . (2.5)
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By introducing dimensionless form factors, f and h, we can write [34]
Γµν = Mb1
[
fgµν +
h
MωMb1
qνkµ
]
, (2.6)
where Mb1 and Mω are the masses of the b1 meson and ω meson, respectively. Then the
decay width is calculated as
Γ(b1 → ωpi) = |k|
24pi
{
2f2 +
1
M4ω
(
EωMωf + |k|2h
)2}
, (2.7)
where Eω is the energy of the ω meson, Eω =
√
M2ω + |k|2. Also from the definitions of
the S- and D-wave amplitudes,
〈ω(k,mω)pi(−k)|Hint|b1(0,mb)〉 = ifSδmωmbY00(Ωk)
+ ifD
∑
m`
〈2m`1mω|1mb〉Y2m`(Ωk), (2.8)
we have
fS =
√
4piMb1
3M2ω
[
Mω(Eω + 2Mω)f + |k|2h
]
,
fD =−
√
8piMb1
3M2ω
[
Mω(Eω −Mω)f + |k|2h
]
, (2.9)
which gives
R = fD/fS = −
√
2
{
Mω(Eω −Mω)f + |k|2h
}
{Mω(Eω + 2Mω)f + |k|2h} . (2.10)
The magnitude of the momentum k is
|k| = 1
2Mb1
√
λ(M2b1 ,M
2
ω,M
2
pi), (2.11)
where λ(x, y, z) = x2 + y2 + z2 − 2xy − 2yz − 2zx is the Källén function. This gives
|k| = 346.5 MeV with Mb1 = 1.230 GeV, Mω = 0.783 MeV, and Mpi = 0.140 GeV. From
the two experimental data,
Γ(b1 → ωpi) ' Γ(b1) = 142± 9 MeV, fD/fS = 0.277± 0.027, (2.12)
we obtain
f = 3.70, h = −11.04, (2.13)
up to the overall phase, which leads to4
h/f = −2.98. (2.14)
4Note that this is very different from the old estimation of Refs. [35–37], which obtained h/f ≈ +9.0 by
fitting the high energy data of piN → ωN with the exchanges of the b1 and ρ trajectories.
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One can relate the above information with the couplings of the effective b1ωpi interaction
Lagrangian,
L = g1Mb1ωµb1µ · pi +
g2
Mb1
ωµν b
µν
1 · pi, (2.15)
where ωµ and bµ1 are the ω meson field and the b1 meson field, respectively, and their field
strength tensors are
ωµν = ∂µων − ∂νωµ, bµν1 = ∂µbν1 − ∂νbµ1 , (2.16)
and bµ1 · pi = b01pi0 + b+1 pi− + b−1 pi+.5 The above Lagrangian gives
Γµν(b1 → ωpi) = (g1 + 2g2 k · q)gµν − 2g2 kµqν . (2.17)
Comparing with Eq. (2.5) we have
Fbωpi = Mb1f = Mb1g1 +
2k · q
Mb1
g2,
Gbωpi =
h
Mω
= − 2
Mb1
g2. (2.18)
Then we can estimate the coupling constants as
g1 = −1.34 g2 = 8.61. (2.19)
2.2 Radiative decay and vector meson dominance
The radiative decay of b1 → piγ was investigated in quark models based on the VMD
hypothesis. The VMD hypothesis leads to
Γ(b1 → γpi) =
( |pγ |
|ppi|
)n
αem
g2ω/4pi
Γ(b1 → ω⊥pi), (2.20)
where ω⊥ represents the transverse component of the ω vector meson and gω is the coupling
of the ω meson to the photon in VMD that is estimated as gω ≈ 17.14. The magnitudes of
the momenta of the decays are |pγ | = 607.0 MeV and |ppi| = 346.5 MeV. Here, n shows the
characteristic momentum dependence of the decay process, of which values will be discussed
later.
The decay amplitude of the strong decay of the b1 into the transverse ω meson can
be estimated following Ref. [13]. The transverse and longitudinal decay amplitudes of the
b1 → ωpi decay are related to the S and D wave amplitudes as
A1 = f
S +
1√
2
fD, A0 = f
S −
√
2fD, (2.21)
which gives
A1 =
√
4piMb1f, A0 =
√
4piMb1
M2ω
(
MωEωf + |k|2h
)
. (2.22)
5This flavor structure is consistent with the form of Tr(V [B,P ]+), which should be compared with the
axial-vector meson interaction that comes from the structure of Tr(V [A,P ]−). Here, V , A, B, P are the
vector meson octet, axial-vector meson octet including the a1 meson, axial-vector meson octet including
the b1 meson, and pseudoscalar meson octet and [A,B]± = AB ±BA.
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So we have
Γ(b1 → ω⊥pi)
Γ(b1 → ωpi) =
2|A1|2
2|A1|2 + |A0|2 =
2 + 2
√
2R+R2
3(1 +R2)
' 0.8855, (2.23)
where the experimental value R ≡ fD/fS = 0.277 is used. Then we have Γ(b1 → ω⊥pi) ≈
126 MeV.
In Ref. [13], n = 3 is used in the expression of Eq. (2.20), which gives
Γ(b1 → γpi) ≈ 210 keV. (2.24)
This seems to be successful to explain the observed value Γ(b1 → γpi)expt. = 230± 60 keV.
However, it was pointed out in Ref. [14] that the VMD prediction is sensitive to the inter-
action form which determines the value of n. Using the covariant oscillator quark model,
the authors of Ref. [14] predicted
Γ(b1 → γpi) ≈ 69 keV. (2.25)
This is very similar to the value obtained with n = 1 in Eq. (2.20). However, the general
form of the b1ωpi interaction contains two terms as shown in Eq. (2.7). In fact, the expression
for the decay width (2.7) contains terms with n = 1, 3, and 5. Following Ref. [13], we
estimate the radiative decay width of b1 by replacing k by pγ and
f →
√
αem
gω/
√
4pi
f, h→
√
αem
gω/
√
4pi
h (2.26)
in the decay width formula of Eq. (2.7). Taking into account that Γ(b1 → ω⊥pi) ≈ 126 MeV,
we obtain
Γ(b1 → γpi) ≈ 160 keV, (2.27)
which is about 2/3 of the measured quantity.
3 Spin-1 mesons in local tensor bilinear representation
Throughout this study, the isospin flavor matrices are denoted as T 0 = I/2, T a = σa/2,
where I is the 2× 2 unit matrix and σa is the Pauli matrix. These matrices are normalized
as Tr [TATB] = δAB/2. Here, capital romans (A = 0 − 3) denote isospin (0 ⊕ 1) indices
and lower-case romans (a = 1 − 3) denote isovector indices. We will use barred romans
(a¯ = 1−8) to denote adjoint color indices in gauge interactions. Mesonic quantum numbers
are represented by
[
IG(JPC)
]
.
3.1 Brief review on local bilinear representation of spin-1 mesonic state
The simplest local representation of the b1 meson is q¯T aγ5
←→
D µq. This current is in helicity
mixed representation
(
1
2 ,
1
2
)⊕(12 , 12), where the first and second numbers in the bracket show
the SU(2)L and SU(2)R representations, respectively. The derivative leads to additional p
2
factors in the Wilson coefficient of OPE terms, which makes the OPE dominated by the
continuum contribution [23]. In the same representation, tensor current q¯ T aσµν q, which
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does not contain the covariant derivative, can also be considered. This current can couple
to four different spin-1 mesonic systems. In the non-relativistic limit, where pµ → (m,0),
depending on the intrinsic quantum numbers, the spin-1 mesonic states of momentum p
and polarization λ have the following relations: [16]
ω¯ : [IGJPC = 0−(1−−)]→ 〈0 | q¯ T 0σ0kq | ω¯(p, λ)〉 = ifTω (−¯(λ)k p0), (3.1)
h¯1 : [I
GJPC = 0−(1+−)]→ 〈0 | q¯ T 0σijq | h¯1(p, λ)〉 = ifTh1ijk(−¯
(λ)
k p0)
→ 1
2
ijk 〈0 | q¯ T 0σijq | h¯1(p, λ)〉 = ifTh1(−¯
(λ)
k p0), (3.2)
ρ¯ : [IGJPC = 1+(1−−)]→ 〈0 | q¯ T aσ0kq | ρ¯(p, λ)〉 = ifTρa(−¯(λ)k p0), (3.3)
b¯1 : [I
GJPC = 1+(1+−)]→ 〈0 | q¯T aσijq | b¯1(p, λ)〉 = ifTba1 ijk(−¯
(λ)
k p0)
→ 1
2
ijk 〈0 | q¯ T aσijq | b¯1(p, λ)〉 = ifTba1 (−¯
(λ)
k p0), (3.4)
where the bar notation is used to distinguish the mesonic states of the helicity mixed tensor
current representation from those of chiral vector representation.6 For example, the ω¯ is
the state of tensor current representation having IGJPC = 0−(1−−) as the usual ω meson.
Here, ¯(λ)µ is the polarization vector and the vector meson coupling is given by fTV in tensor
representation. In a boosted frame, pµ → (
√
m2 + p2,p), the covariant generalizations
read
ω¯ → 〈0 | q¯ T 0σµνq | ω¯(p, λ)〉 = ifTω (¯(λ)µ pν − ¯(λ)ν pµ), (3.5)
h¯1 → −1
2
µναβ 〈0 | q¯ T 0σαβq | h¯1(p, λ)〉 = ifTh1(¯(λ)µ pν − ¯(λ)ν pµ), (3.6)
ρ¯→ 〈0 | q¯ T aσµνq | ρ¯(p, λ)〉 = ifTρa(¯(λ)µ pν − ¯(λ)ν pµ), (3.7)
b¯1 → −1
2
µναβ 〈0 | q¯ T aσαβq | b¯1(p, λ)〉 = ifTba1 (¯
(λ)
µ pν − ¯(λ)ν pµ), (3.8)
The tensor current couples only to the transverse polarization of spin-1 mesonic state [15,
24, 25] because of the relation,
〈
0
∣∣q¯TAσµνq∣∣ [1−−](p, λ)〉 = ifTV A {¯(λ)µ pν − ¯(λ)ν pµ}
= ifTV A
{(
gµµ¯ − pµpµ¯/p2
)
¯(λ)µ¯pν −
(
gνν¯ − pνpν¯/p2
)
¯(λ)ν¯pµ
}
= ifTV A
{
¯t(λ)µ pν − ¯t(λ)ν pµ
}
, (3.9)
where ¯t(λ)µ denotes the transverse polarization vector. However, this current couples to both
the parity-even and parity-odd modes, and each parity mode can be separately projected
6If we extend this formalism to flavor SU(3), there should be states of open and hidden strangeness in
tensor representation [16]. In the quark model, the K1(1270) and K1(1400) are interpreted as mixtures
of 1P1 and 3P1 states [14]. Since the b1 is a member of the 1P1 multiplet in the quark model, both K1
states may be mixed states of vector and tensor representations. More rigorous investigation is required to
understand the SU(3) realization of tensor representation, but is beyond the scope of this work.
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out from the current-current correlation as∑
λ
〈0 | q¯TAσµµ¯q | [1−−](p, λ)〉 〈[1−−](p, λ) | q¯TBσνν¯q | 0〉 = −δAB
(
fT−
)2
p2P
(−)
µµ¯,νν¯ , (3.10)∑
λ
〈0 | q¯TAσµµ¯q | [1+−](p, λ)〉 〈[1+−](p, λ) | q¯TBσνν¯q | 0〉 = −δAB
(
fT+
)2
p2P
(+)
µµ¯,νν¯ , (3.11)
which defines the projection operators as
P
(−)
µµ¯;νν¯ = gµν
pµ¯pν¯
p2
+ gµ¯ν¯
pµpν
p2
− gµ¯ν
pµpν¯
p2
− gµν¯
pµ¯pν
p2
, (3.12)
P
(+)
µµ¯;νν¯ = P
(−)
µµ¯,νν¯ +
(
gµν¯gµ¯ν − gµνgµ¯ν¯
)
, (3.13)
with the relation [P (±)P (∓)]µµ¯;νν¯ = 0. Considering the assumed symmetries, the four
mesonic modes reside in the same symmetry group U(2)L × U(2)R. The group structure
allows the transformation among these modes depending on quantum numbers. For exam-
ple, both the ω¯ state and the h¯1 state have isospin 0 and they can be transformed to each
other through the UA(1) transformation. The same is true for the isospin-1 states, the ρ¯
and the b¯1. Similarly, the chiral partner states can be transformed to each other through
the axial SU(2) flavor rotation [16], namely, the pair of ω¯ and the b¯1, and the pair of the ρ¯
and the h¯1.
If all the symmetries are conserved, there should be no correlation between the two
different representations of mesonic states. However, when chiral symmetry is broken at
low energy regime, the mesonic states can have overlaps. Since the vector (or chiral)
representations of the ω and ρ states read
ω : [IGJPC = 0−(1−−)]→ 〈0 | q¯ T 0γαq | ω(p, λ)〉 = fVω (λ)α , (3.14)
ρ : [IGJPC = 1+(1−−)]→ 〈0 | q¯ T aγαq | ρ(p, λ)〉 = fVρa(λ)α , (3.15)
the overlap between the vector and tensor representations can be described as∑
λ
〈0 | q¯ TAγαq | [1−−](p, λ)〉 〈[1−−](p, λ) | q¯ TBσµνq | 0〉 ' −iδABfV− fT−Pα;µν , (3.16)
where Pα;µν = gαµpν − gανpµ projects only the transverse polarization. We also use the
polarization sum in the SU(2)V diagonal phase, i.e.,
∑
λ 
(λ)
α ¯
(λ)∗
µ = −gαµ. Algebraic details
for tensor currents and their transformations are presented in Appendix A.
3.2 b1 meson decay in the soft pion limit
The b¯1[1+(1+−)] and ω¯[0−(1−−)] mesonic states transform to each other under SU(2)L ×
SU(2)R symmetry. In the SU(2)V phase, if the b1(1235) meson state couples strongly to
the tensor current (J˜aµµ¯), the overlap for the decay of b1(1235)→ piω(782) can be expressed
as
〈pia(q)ω(k′) | iJ˜aµµ¯(k) | 0〉 ' fTb1
∑
λ
〈pia(q)ω(k′) | b¯a1(k, λ)〉 (¯(λ)
∗
µ kµ¯ − ¯(λ)
∗
µ¯ kµ)
− fTρ
∑
λ
〈pia(q)ω(k′) | ρ¯(k, λ)〉 ¯µµ¯αα¯
2
(¯(λ)
∗αkα¯ − ¯(λ)∗α¯kα)
+ . . . , (3.17)
– 8 –
pi(q)
ω(k′)
b¯1(k)
(a) (b)
〈q¯q〉 6= 0 γσ
pi
b¯1
ω¯
L
R L
ω γ
+(L ↔ R)
ω¯(k′) γ
Figure 1. The b¯1 decay in chiral representation. (a) b¯1 → piω¯ → piω via pion breaking and (b)
b¯1 → piγ in the VMD hypothesis inferred from Eq. (3.21). Double lines denote the spin-1 mesonic
states in tensor representation. The greek letters, ‘σ’ and ‘γ,’ in the blob represent the tensor and
vector current representation, respectively.
where J˜aµµ¯(k) ≡ −12µµ¯αα¯(k2 − m¯2)
∫
d4xeikxq¯(x)T aσαα¯q(x) with m¯ being the meson mass
in the tensor representation. In the soft pion limit, the overlap can be rewritten as
〈pia(q)ω(k′) | iJ˜aµµ¯(k) | 0〉 =
i
fpi
∫
d3xe−iq·x 〈ω(k′) | [Ja50(x), iJ˜aµµ¯(k)] | 0〉
=
i
fpi
[−3i 〈ω(k) | iJ0µµ¯(k) | 0〉+R1(q)]
' 3f
T
ω
fpi
∑
λ
〈ω(k) | ω¯(k, λ)〉 (¯(λ)∗µ kµ¯ − ¯(λ)
∗
µ¯ kµ) + . . . , (3.18)
where J0µµ¯(k) ≡ (k2−m¯2)
∫
d4xeikxq¯(x)T 0σµµ¯q(x) and R1(q) represents |q|-dependent con-
tributions in the limit of limq→0R1(q) = 0. Comparing Eqs. (3.17) and (3.18), the |q|-
independent term can be obtained as
lim
q→0
〈pia(q)ω(k′) | b¯a1(k, λ)〉 '
3fTω
fpifTb1
〈ω(k) | ω¯(k, λ)〉 . (3.19)
If the ω¯ is identified as the ω(782) state, one can obtain the strength for the b1 → piγ decay
from the overlap for b1 → piω with the VMD hypothesis. This process can be written as
the following current correlation function in the soft pion limit:
〈pia(q) | J0α(k′)iJ˜aµµ¯(k) | 0〉 =
i
fpi
∫
d3xe−iq·x 〈0 | [Ja50(x), J0α(k)iJ˜aµµ¯(k)] | 0〉
=
i
fpi
[〈0 | [Qa5, J0α(k)]iJ˜aµµ¯(k) | 0〉+ 〈0 | J0α(k)[Qa5, iJ˜aµµ¯(k)] | 0〉
+R2(q)
]
=
i
fpi
[−3i 〈0 | J0α(k)iJ0µµ¯(k) | 0〉+ . . . ]
' 3fωf
T
ω
fpi
∑
λ
〈ω(k, λ) | ω¯(k, λ)〉 (λ)α (¯(λ)
∗
µ kµ¯ − ¯(λ)
∗
µ¯ kµ) + . . . ,
(3.20)
where J0α(k) ≡ (k2 − m2)
∫
d4xeikxq¯(x)T 0γαq(x) with m being the meson mass in chiral
representation and R2(q) represents the |q|-dependent contributions with the condition
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that limq→0R2(q) = 0. The overlap fωfTω 〈ω(k, λ) | ω¯(k, λ)〉 can be calculated from the
time-ordered correlator as
Πb¯1−piω(k) =
3
fpi
∫
d4xeikx 〈T [J0α(x)J0µµ¯(0)]〉 . (3.21)
If chiral symmetry is restored, the correlation (3.21) will vanish because the representation
spaces of currents are totally disconnected. Diagrammatical descriptions of this process are
depicted in Fig. 1. Therefore, Eq. (3.20) describes the decay mechanism of b¯1 → piγ that
evades the usual VMD hypothesis. Then, the interpretation of the b¯1 and ω¯ is required in
connection with physical states, namely, to see whether and how the tensor representation
can describe observed mesons.
4 Operator product expansion and spectral sum rules
Understanding the nature of the ω¯ and b¯1 states requires their relations to the physical
ω(782) and b1(1235) mesons. For this purpose, we analyze the spectral sum rules for the
corresponding masses of these mesonic states. The correlation function can be calculated
via OPE in the k2 → −∞ limit as in Refs. [17, 20–25].
4.1 OPE of the correlators
To interpolate the mesonic state with given quantum numbers we employ the tensor current,
JAµµ¯(x) = q¯(x)T
Aσµµ¯q(x), (4.1)
where flavor matrix T 0 corresponds to the (ω¯, h¯1) current and T a corresponds to (ρ¯a, b¯a1)
current. The correlator can be obtained as [24, 25]
ΠABµµ¯;νν¯(k) = i
∫
d4xeikx 〈T [q¯(x)TAσµµ¯q(x) q¯(0)TBσνν¯q(0)]〉
= Πope− (k
2)P
(−)
µµ¯;νν¯ + Π
ope
+ (k
2)P
(+)
µµ¯;νν¯ , (4.2)
Πope∓ (k
2) =
δAB
2
[
Πpert.(k
2) + ΠG2(k
2)±ΠA4q(a)(k2) + Π4q(b)(k2)
]
, (4.3)
where nonzero OPE terms are found as
Πpert.(k
2) =
1
8pi2
(−k2) [(1 + 7αs
9pi
)
ln(−k2/µ2) + αs
3pi
(
ln(−k2/µ2))2] , (4.4)
ΠG2(k
2) =
1
24
(
− 1
k2
)〈αs
pi
G2
〉
, (4.5)
ΠA4q(a)(k
2) = −32piαs
(
− 1
k2
)2 (〈q¯TAτ a¯q q¯TAτ a¯q〉+ 〈q¯TAτ a¯γ5q q¯TAτ a¯γ5q〉) , (4.6)
Π4q(b)(k
2) = −8piαs
9
(
− 1
k2
)2
〈q¯T 0τ a¯γηq q¯T 0τ a¯γηq〉 , (4.7)
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with Gρσ = DρAσ − DσAρ being the gluon field strength tensor and µ = 0.5 GeV is the
OPE separation scale where the condensate is normalized.7 The correlator (3.21) can be
calculated as
Πb¯1−piωα;µµ¯ (k) =
3
fpi
∫
d4xeikx 〈T [q¯(x)T 0γαq(x) q¯(0)T 0σµµ¯q(0)]〉
= Πb¯1−piω(k2)P (γ−σ)α;µµ¯ , (4.8)
where
Πb¯1−piω(k2) = − 3
fpi
{
− 1
k2
〈q¯T 0q〉+ 1
12
(
− 1
k2
)2 〈
q¯T 0gσ ·Gq〉} . (4.9)
4.2 Spectral sum rules
The invariants can be weighted to emphasize the ground state contribution as follows:
Wsubt.M
[
Πope∓ (k
2)
]
=
1
pi
∫ s0
0
dse−s/M
2
Im
[
Πope∓ (s)
]
= − 1
16pi2
[(
1 +
7αs
9pi
)
(M2)2E1(s0) +
αs
3pi
L(s0)
]
∓ 16piαs
M2
(〈q¯TAτ a¯q q¯TAτ a¯q〉+ 〈q¯TAτ a¯γ5q q¯TAτ a¯γ5q〉)
− 4piαs
9M2
〈q¯T 0τ a¯γηq q¯T 0τ a¯γηq〉 −
1
48
〈αs
pi
G2
〉
, (4.10)
where ‘∓’ denote parity-odd and parity-even modes and the OPE continuum contribution
(k2 > s0), where the excited states are assumed, is subtracted as
E1(s0) ≡ 1− e−s0/M
2 (
1 + s0/M
2
)
. (4.11)
We also define
L(s0) ≡ 2
∫ s0
0
ds e−s/M
2
s ln(s/µ2). (4.12)
Detailed arguments for the weighting scheme are given in Appendix B. The strong coupling
αs = 0.5 is obtained at the separation scale µ = 0.5 GeV with ΛQCD = 0.125 GeV. After
Borel weighting, αs is kept as constant.
The value of the gluon condensate is taken as 〈(αs/pi)G2〉 = (0.33 GeV)4 [20–22]. By
using the factorization hypothesis,
〈qαq¯βqγ q¯δ〉ρ,I ' 〈qαq¯β〉ρ,I〈qγ q¯δ〉ρ,I − 〈qαq¯δ〉ρ,I〈qγ q¯β〉ρ,I , (4.13)
where the color indices are omitted, the four-quark condensates are estimated in factorized
forms as
〈q¯TAτ a¯q q¯TAτ a¯q〉 → −αA
18
〈q¯T 0q〉2vac , (4.14)
〈q¯TAτ a¯γ5q q¯TAτ a¯γ5q〉 → −
βA
18
〈q¯T 0q〉2vac , (4.15)
〈q¯T 0τ a¯γηq q¯T 0τ a¯γηq〉 → −
2γ
9
〈q¯T 0q〉2vac , (4.16)
7In Eq. (4.6), the index A is not summed over.
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where 〈q¯T 0q〉vac is obtained from the Gellmann-Oakes-Renner relation [19],
2mq 〈q¯T 0q〉vac = −m2pif2pi , (4.17)
with mpi = 138 MeV and fpi = 93 MeV. This leads to 〈q¯T 0q〉vac ' −(254 MeV)3 for mq =
5 MeV. The parameters in Eqs. (4.14)-(4.16) have the same value, namely, αA = βA = γ = 1,
in the usual factorization hypothesis. Hereafter, each parameter set with explicit isospin
dependence, i.e., α0, β0, αa, and βa with a = 1, 2, 3, represents the factorization of the
isoscalar and isovector four-quark condensates, respectively. The anomalous running of
〈q¯T 0q〉2vac is neglected because the factorization scheme is used only for estimating the four-
quark condensate scale. Various scales of α, β, and γ are assumed in the present work
to include variations coming from the running of the condensates. As can be seen from
Eqs. (4.14)-(4.16), the four quark condensates can be written as a product of two quark
antiquark pair. Depending on the color and flavor matrices appearing in the quark antiquark
pair, the factorization parameters α, β, γ can take different values. This is so because, when
there is an isospin operator in the quark antiquark pair, the quark-disconnected diagrams
vanish identically. Furthermore, even for isosinglet quark antiquark pair, depending on the
chiral and color structure, the quark-disconnected diagrams are expected to have different
contributions. Therefore, in the present work, we choose the parameter set taking into
account the following three conditions depending on the color and isospin structure of
the quark antiquark pair: (a) possible correlation types that depend on chiral symmetry
breaking, (b) nontrivial topological contribution from color gauge group, and (c) stability of
the Borel curves. For isovector quark-antiquark pair, the usual factorization provides quark-
connected-like condensates. The condensates are given in the local limit of the pair of gauge
equivalent nonlocal bilinear [26]. The colored pieces are part of the Dirac eigenmodes in the
nonlocal gauge equivalent structure of the mesonic current. So the isoscalar condensates
are considered to have nonzero quark-disconnected-like contribution if the colored spinless
bilinear appears in pair to produce the totally color singlet configuration. Considering the
possibility of this contribution, which does not appear in the usual factorization scheme, the
quark-disconnected-like and quark-connected-like contributions are encoded in the isoscalar
and isovector parameters, respectively. This typically leads to |α0| < |αa| and |β0| < |βa|.
Also, if one considers topologically nontrivial gauge contributions, the spinless but party-
odd combination of quark bilinear can have nonzero correlation in the same way as argued
in Refs. [28, 29]. For the condensate composed with pseudoscalar bilinear in Eq. (4.16), the
nontrivial contribution may appear as an alternating series in winding number of the color
gauge. Sum rule analysis with the parameters taken according to these criteria are found
to produce stable Borel curves.
We first take (α0 = 0.8, αa = 1.0) as the reference parameter set, which is similar to the
usual factorization.8 To ensure that the ground state contribution becomes dominant and
8We leave short technical remarks for the sum rules. Some parameter sets with (αA < 0, βA < 0) are
found to give a mass of the parity-odd mode close to ∼ 800 MeV. However, these parameter sets lead to
unstable Borel curves and controversial results for the parity-even mode sum rules. Therefore, we do not
adopt these parameter sets in our study. More detailed sum rules analyses for ω¯ and b¯1 states with (aA < 0,
bA < 0) are reported in Appendix B.
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Figure 2. Spectral structure of the weighted invariant (a) for the ω¯ and (b) for the b¯1. As a
reference, black dotted lines are given to denote 50%.
the OPEs are convergent, the Borel windows for the ω¯ and b¯1 sum rules are chosen to be
in the range of 0.6 GeV2 < M2 < 1.2 GeV2 and 0.6 GeV2 < M2 < 2.0 GeV2, respectively.
Plotted in Fig. 2 are spectral structures of the invariants.
If the ground state is the one-particle mesonic state as explained in Sec. 3, the phe-
nomenological structure can be written as
Πph.pole∓ (k
2) =
(fT∓)
2
k2
k2 −m2∓ + i
= P (f
T∓)
2
k2
(k2 −m2∓)
− ipi(fT∓)
2
k2δ(k2 −m2∓). (4.18)
However, it is also possible that the tensor current (4.1) can couple to some kinds of hybrid
states, which are composed of two particles, if the mass scale of the hybrid is compatible
with the one-particle mesonic state. The hybrid state containing the quantum number of
the ω meson can be inferred from the anomalous interaction that is written as [10]
L1ωpiρ =
gωpiρ
2
µµ¯αα¯ωµµ¯∂αpi
aρaα¯ = −gωpiρµµ¯αα¯ωµ¯∂αpia∂µρaα¯, (4.19)
where ωµµ¯ is the ω field strength tensor. As the ω and ω¯ states share the same quantum
numbers [0−(1−−)], the phenomenological interpolating current for the ω¯ state can be
written as
J ω¯µµ¯(x) ≡ µµ¯αα¯Tr
[
∂αpi(x)ρα¯(x)
]
, (4.20)
where the trace is summed over flavor indices. The corresponding phenomenological struc-
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ture of Πω¯(∓)(k
2) can be obtained from the correlator of J ω¯µµ¯ as
Πω¯µµ¯;νν¯(k) = i
∫
d4xeikx
〈
T
[
µµ¯αα¯Tr
[
∂αpi(x)ρα¯(x)
]
νν¯ββ¯Tr
[
∂βpi(0)ρβ¯(0)
]]〉
=
3i
4
µµ¯αα¯νν¯ββ¯
∫
d4p
(2pi)4
(p+ k)α(p+ k)β
(p+ k)2 −m2pi
1
p2 −m2ρ
(
gα¯β¯ − p
α¯pβ¯
m2ρ
)
= Πω¯−(k
2)P
(−)
µµ¯;νν¯ + Π+(k
2)P
(+)
µµ¯;νν¯ , (4.21)
where mρ is the ρ meson mass and the invariant function for each parity mode can be
calculated as
Πω¯−(k
2) =
3
4(4pi)2
∫ 1
0
dx
(−x(1− x)k2 + (1− x)m2ρ) ln (−x(1− x)k2 + (1− x)m2ρ)
+R−(k2), (4.22)
Π+(k
2) =
3
4(4pi)2
∫ 1
0
dx
[
− (1− x)2 k2 +
(
x
(
1− x
2
) k2
m2
− 1
)(−x(1− x)k2 + (1− x)m2)]
× ln [−x(1− x)k2 + (1− x)m2]+R+(k2), (4.23)
where R∓(k2) is a regular polynomial and the mpi → 0 limit has been taken. One can verify
that the imaginary part appears in the range of m2ρ/k2 < x < 1. The weighted Πω¯−(k2) can
be obtained as
Wsubt.M
[
Πω¯−(k
2)
]
=
1
pi
∫ s0
m2ρ
ds e−s/M
2
Im
[
Πω¯−(s)
]
=
3
64pi2
∫ s0
m2ρ
ds e−s/M
2
(
−s
6
+
m2ρ
2
− 1
2
(m2ρ)
2
s
+
1
6
(m2ρ)
3
s2
)
=
3
64pi2
{
M2
6
(
s0e
−s0/M2 −m2ρe−m
2
ρ/M
2
)
+
(M2)2
6
(
e−s0/M
2 − e−m2ρ/M2
)
− m
2
ρ
2
M2
(
e−s0/M
2 − e−m2ρ/M2
)
− (m
2
ρ)
2
2
[
Γ
(
0,m2ρ/M
2
)− Γ (0, s0/M2)]
− (m
2
ρ)
3
6
[
e−s0/M2
s0
− e
−m2ρ/M2
m2ρ
+
1
M2
{
Γ
(
0,m2ρ/M
2
)− Γ (0, s0/M2)} ]}, (4.24)
where the continuum threshold s0 is taken to be the same as that assigned inWsubt.M [Πope− (k2)],
and Γ (t, x) =
∫∞
x ds s
t−1 e−s is the incomplete Gamma function.
Similarly, the loop-like phenomenological current for b¯1 state can be defined as
J b¯1aµµ¯ (x) ≡
√
3
2
µµ¯αα¯∂
αpia(x)ωα¯(x). (4.25)
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The corresponding invariant can be obtained from the parity-even mode of Eq. (4.23) by
replacing m by mω. The imaginary part appears in the range of m2ω/k2 < x < 1 and the
weighted Πb¯1+ (k2) is analogously obtained as
Wsubt.M
[
Πb¯1+ (k
2)
]
=
1
pi
∫ s0
m2ω
ds e−s/M
2
Im
[
Πb¯1+ (s)
]
=
3
64pi2
∫ s0
m2ω
ds e−s/M
2
(
−1
6
s2
m2ω
− s
6
+
m2ω
4
+
1
3
(m2ω)
2
s
− 1
4
(m2ω)
3
s2
+
1
10
(m2ω)
4
s3
)
=
3
64pi2
{
1
6
M2
m2ω
(
s20e
−s0/M2 − (m2ω)2e−m
2
ω/M
2
)
+
1
3
(M2)2
m2ω
(
s0e
−s0/M2 −m2ωe−m
2
ω/M
2
)
+
1
3
(M2)3
m2ω
(
e−s0/M
2 − e−m2ω/M2
)
+
M2
6
(
s0e
−s0/M2 −m2ωe−m
2
ω/M
2
)
+
(M2)2
6
(
e−s0/M
2 − e−m2ω/M2
)
− m
2
ω
4
[
M2
(
e−s0/M
2 − e−m2ω/M2
)]
+
(m2ω)
2
3
[
Γ
(
0,m2ω/M
2
)− Γ (0, s0/M2)]
+
(m2ω)
3
4
[
e−s0/M2
s0
− e
−m2ω/M2
m2ω
+
1
M2
[
Γ
(
0,m2ω/M
2
)− Γ (0, s0/M2)]]
− (m
2
ω)
4
20
[
e−s0/M2
s20
− e
−m2ω/M2
(m2ω)
2
− 1
M2
(
e−s0/M2
s0
− e
−m2ω/M2
m2ω
)
−
(
1
M2
)2 (
Γ
(
0,m2ω/M
2
)− Γ (0, s0/M2)) ]}. (4.26)
Then the sum rule for the ground states interpolated by the tensor current reads
Wsubt.M
[
Πope∓ (k
2)
]
= −(fT∓)
2
m2∓e
−m2∓/M2 + (ch¯y.∓ )
2Wsubt.M
[
Πh¯y.∓ (k
2)
]
, (4.27)
where ch¯y.∓ represents the coupling between the tensor current (4.1) and the hybrid state.
Equation (4.27) leads to the hybrid-subtracted mass sum rules as
m∓ = M2
(∂/∂M
2)
(
Wsubt.M
[
Πope∓ (k2)
]− (ch¯y.∓ )2Wsubt.M [Πh¯y.∓ (k2)])
Wsubt.M
[
Πope∓ (k2)
]− (ch¯y.∓ )2Wsubt.M [Πh¯y.∓ (k2)]

1
2
. (4.28)
By assuming only the one-particle meson state for the ground state, the obtained masses of
the ω¯ and b¯1 modes are plotted respectively in Figs. 3(a) and 3(b). Depending on the values
of α0 and β0, the mass of the isoscalar parity-odd mode is found to vary from 1.0 GeV to
1.2 GeV, which is much higher than the physical ω(782) mass. On the other hand, the
mass of the isovector parity-even mode shows week dependence on the parameter set, and
is in good agreement with the physical b1(1235) mass when (αa = 1, βa = 0.5) is employed.
Presented in Figs. 3(c) and 3(d) are the mass curves for the cases where these parameters
are larger than 1. In this case, the mass curves of the isoscalar parity-odd mode become
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Figure 3. Mass sum rules for spin-1 meson states interpolated by the tensor current (c = 1). (a,c)
isoscalar parity-odd channel (ω¯) with s0 = 1.96 GeV
2 and (b,d) isovector parity-even channel (b¯1)
with s0 = 3.24 GeV
2.
larger than 1.2 GeV and unstable. On the other hand, the mass curves of isovector parity-
even mode are not drastically changed. Because of the large mass difference between the
ω(782) and ω¯, it is unnatural to identify the ω¯ state as the physical ω(782).
Considering the mass range determined by the Borel curve in Fig. 3(a) and the quan-
tum numbers [0−(1−−)], one may imagine that the adopted current couples to excited ω
resonance states. However, such possibility is unlikely as the mass of the lowest excited
state ω(1420) [1] is much larger than the mass range obtained in the sum rules analysis
for the ω¯. Therefore, we explore the possibility that the employed current couples to a
hybrid state composed of two particles. If the tensor current (4.1) strongly couples to the
one-particle mesonic state (hybrid state), the sum rules for the one-particle meson pole
residue fT∓ (the tensor current-hybrid coupling c
h¯y.
∓ ) should provide a stable behavior in the
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Figure 4. Borel curve (a) for the meson pole residue fTω¯ and (b) for the tensor current-hybrid
coupling ch¯y.ω¯ .
Borel window. The sum rules for each coupling obtained from Eq. (4.27) read
fT∓ =
{
1
m2∓
em
2
∓/M
2
(
−Wsubt.M
[
Πope∓ (k
2)
]
+ (ch¯y.∓ )
2Wsubt.M
[
Πh¯y.∓ (k
2)
])} 12
, (4.29)
ch¯y.∓ =
{(
Wsubt.M
[
Πope∓ (k
2)
]
+ (fT∓)
2
m2∓e
−m2∓/M2
)/
Wsubt.M
[
Πh¯y.∓ (k
2)
]} 12
, (4.30)
where m2∓, fT∓ , and c
h¯y.
∓ are input parameters. If the one-particle pole is dominant in the
ground state, the Borel curve for fTω¯ will be stable. However, as can be seen in Fig. 4(a),
the Borel curve is not stable, suggesting that something is missing or the assumption is
not correct. On the other hand, ch¯y.ω¯ provides relatively stable behavior in the proper Borel
window even with the no-pole scenario (fTω¯ = 0) and provides a plateau value c
h¯y.
ω¯ ' 7.0
with fTω¯ = 0.05 as shown in Fig. 4(b). In these optimized curves, fTω¯ reduces to 50% of its
original scale when ch¯y.ω¯ is varied from 0 to 7.0, while c
h¯y.
ω¯ reduces only to 85% of its original
scale when fTω¯ varies from 0 to 0.05. This leads to the conclusion that the ground state
information in the tensor current correlator is dominated by the hybrid state.
The b¯1 state can be analyzed in a similar way. As shown in Fig. 5, the Borel curves for
the couplings in the b¯1 state shows the opposite tendency in comparison with the ω¯ analyses.
Namely, the computed fT
b¯1
values show plataeu-like behavior even in the no-continuum
condition (ch¯y.
b¯1
= 0.0) and reduces only to 90% of its original scale when ch¯y.
b¯1
= 0.5 is
assigned. It is also found that ch¯y.
b¯1
strongly depends on fT
b¯1
variation and shows singular
behavior when fT
b¯1
> 0.11 is assigned. Therefore, the b¯1 state is identified as the physical
b1(1235) meson state considering the mass scale shown in Fig. 3(b).
By assuming only the pi-ρ hybrid (i.e., the ω¯) or b1(1235) state for the ground state,
the corresponding coupling sum rules are plotted in Fig. 6(a) and Fig. 6(b), respectively.
We also found that ch¯y.ω¯ with fTω¯ = 0 shows stable Borel behavior and the plateau scale
becomes moderate when s0 ≥ 1.44 GeV2, which means that the ω¯ state can be interpreted
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Figure 5. Borel curve (a) for the meson pole residue fT
b¯1
and (b) for the tensor current-hybrid
coupling ch¯y.
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Figure 6. Coupling constants sum rules for (a) the tensor current-hybrid coupling ch¯y.ω¯ (fTω¯ = 0.00)
and (b) the meson pole residue fT
b¯1
(ch¯y.
b¯1
= 0.0) in various continuum thresholds.
as a hybrid state. Analogously, since fT
b¯1
with ch¯y.
b¯1
= 0 provides a plateau structure and
the plateau scale becomes moderate when s0 ≥ 3.24 GeV2, the one particle b1(1235) state
would be good enough to approximate the b¯1 state.
5 Discussion and Conclusion
The b1(1235) meson state mostly decays into the piω state by the strong interactions and
the piγ state by the electromagnetic interactions. As the VMD scenario is successful in
explaining the decays and form factors of ground state hadrons, low-energy phenomenology
usually assumes that the photon always sees hadrons through vector meson states [6, 7, 13,
14]. However, for the electromagnetic decays of the b1(1235) meson, the VMD hypothesis
is not enough to explain the measured Γ(b1 → piγ) [13, 14]. In the present work, we explore
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(a)
σ
π
b¯1
ω¯
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R L
γ
+(L↔ R)
〈q¯q〉 6= 0
L
L
≃ ǫ
π
ρ
b¯1
π
ǫ1 γ
ω γ
(b)
ω¯
γ
ω
Figure 7. The decay of b¯1 → piγ through the ω(782) state, i.e., the VMD channel. (a) OPE
description via QCD Lagrangian as inferred from Eq. (3.21) and (b) hadron interaction picture
via anomalous coupling. In (a), the blobs with ‘σ’ and ‘γ’ represent the tensor and vector current
representation, respectively, and the vertex ‘’ and ‘1’ in (b) represent the anomalous hybrid state
interpolation (4.20) and the physical interaction vertex (4.19), respectively.
the spin-1 mesonic states using the tensor representation for the purpose of searching for a
VMD-evading process for the b1 radiative decay. Because of the mixing of helicity states,
the corresponding currents are not generally conserved in their parity or isospin eigenspace.
If SU(2)L,R flavor symmetry is assumed, the four different spin-1 mesonic states reside in
the grand U(2)L ⊗U(2)R symmetry group [16].
As chiral symmetry is spontaneously broken, the b¯1 state in the tensor representation
decays into the chiral partner ω¯ state by emitting a pion as the Goldstone boson. From the
QCD sum rules analysis, we find that the b¯1 state can be identified as the physical b1(1235)
state, while it is problematic to identify the ω¯ state as the physical ω(782) meson. The ω¯
state has the same spin and flavor quantum numbers as the ω(782) but it is found to have
a much higher mass. Comparing the weighted OPE invariant with the anomalous loop-like
spectral structure, the ω¯ state can be identified as the hybrid state of the pi and ρ mesons.
As there is no observed ω resonance state in the mass of around 1 GeV, the ω¯ state would
be interpreted as an intermediate virtual state. It is well known that the vector current
J0α = q¯T
0γαq couples strongly to the vector meson state and the the resulting spectral sum
rules successfully reproduce the ω(782) mass [20–23]. Since the isoscalar component of Je.m.α
is same as (e0/3)J0α, the nonzero invariant of Eq. (4.9) can be understood as the overlap
between the ω¯ hybrid state and the physical ω(782) state, which then becomes the photon
following the usual VMD scenario as depicted in Fig. 7 [6, 7].
However, the loop structure of the ω¯ state suggests other mechanisms of radiative
decays of the b1. The pi-ρ hybrid state can have an anomalous electromagnetic interaction
as
L2γpiρ =
e0gγpiρ
2mρ
µµ¯αα¯Fµµ¯∂αpi
aρaα¯ '
e0gγpiρ
mρ
Fµµ¯ω¯
µµ¯. (5.1)
If the pi and ρ are on-shell, the vertex can be substituted with Eq. (4.19) by the VMD
hypothesis [10]. However, as most part of the loop phase space is off-shell, the direct
photon coupling channel (5.1) can be distinguished from the VMD channel which could be
the additional mechanism for the b1 radiative decay as depicted in Fig. 8.
If the b1 strongly couples to the tensor current, its decay is mediated mostly by the
ω¯ state that is interpreted as the ρ-pi hybrid state. Then the major decay process of the
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e0gγπρ ǫ2
Figure 8. (a) The b¯1 → piγ decay not through the ω(782) state (direct channel) and (b) phe-
nomenological description for the direct coupling between ω¯ and γ. The vertex ‘’ and ‘2’ in (b)
represent the anomalous hybrid state interpolation (4.20) and the physical interaction vertex given
in Eq. (5.1), respectively.
b1 meson would take the process of b1 → piω¯ → piω, which involves the anomalous ωρpi
interaction. Because of the intermediate ω¯ state, the strong decay of the b1 meson into
two-pions, i.e., b1 → pipiρ, would be enhanced enough to be measured. However, because of
the lack of experimental data, we cannot make a conclusion on the tensor representation
of axial-vector mesons. For example, the direct decay of b1 → pipipipi was reported in
1960s [41], which concluded only that Γ(b1 → pi+pi+pi−pi0, direct)/Γ(b1 → ωpi) < 0.5.
More detailed information on the direct four-pion decays of the b1 such as the precise value
of the branching ratio and invariant mass distributions would be useful to understand the
mechanisms of b1 decay. Therefore, precise measurement of the details of the b1 decay will
shed light on our understanding on the structure and properties of axial-vector mesons and
it can be performed at current experimental facilities.
A Tensor currents in SU(2)L × SU(2)R symmetry
A.1 Transformation of tensor currents in the non-relativistic limit
The quantum numbers of the mesonic state are defined at rest frame. Equations (3.1)-
(3.4) show that each spin-1 state can be interpolated via tensor currents. Since the tensor
current couples to both parity eigenstates, one can use dual tensor definition to describe
a parity eigenstate in the opposite parity projection. For convenience, all the current is
defined to interpolate spin-1 mesonic states in parity-odd projection. The infinitesimal
UA(1) transformation on the b¯1 current reads
J b¯1,ak =
1
2
ijkq¯T
aσijq
→ 1
2
ijkq¯
(
I − iαT 0γ5
)
T aσij
(
I − iαT 0γ5
)
q +O(α2)
=
1
2
ijkq¯T
aσijq − iα (−iq¯T aσ0kq) +O(α2)
= Jb1,ak − iα(−iJρ,ak ) +O(α2), (A.1)
where the corresponding commutation relations are summarized as
[Q05, J
b¯1,a
k (x)] = −iJ ρ¯,ak (x), [Q05, J ρ¯,ak (x)] = iJ b¯1,ak (x). (A.2)
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Similarly, one can rotate quark fields via infinitesimal SU(2)L × SU(2)R rotation as(
1− iθbT b
)
qL ↔ q†L
(
1 + iθbT b
)
, (A.3)(
1− iδbT b
)
qR ↔ q†R
(
1 + iδbT b
)
. (A.4)
The transformation up to the leading order of θa and δa can be expressed in terms of explicit
helicity states as
J b¯1,ak =
1
2
ijkq¯T
aσijq = q¯LT
aσkqR + q¯RT
aσkqL
→ q¯LT aσkqR + q¯RT aσkqL
+ iθb
[
q¯L
(
1
4
δab
)
σkqR + q¯L
(
i
2
bacT c
)
σkqR
−q¯R
(
1
4
δab
)
σkqL − q¯R
(
i
2
abcT c
)
σkqL
]
− iδb
[
q¯L
(
1
4
δab
)
σkqR + q¯L
(
i
2
abcT c
)
σkqR
−q¯R
(
1
4
δab
)
σkqL − q¯R
(
i
2
bacT c
)
σkqL
]
+O(θ2, δ2)
' 1
2
ijkq¯T
aσijq +
i(θb + δb)
2
(
−iabc 1
2
ijkq¯T
cσijq
)
+
i(θa − δa)
2
(−iq¯T 0σ0kq)
= J b¯1,ak +
i(θb + δb)
2
(
−iabcJ b¯1,ck
)
+
i(θa − δa)
2
(−iJ ω¯k ) , (A.5)
where the rotation directions ‘θa = δa’ and ‘θa = −δa’ correspond toQav =
∫
d3x q†(x)T aq(x)
andQa5 =
∫
d3x q†(x)T aγ5q(x), respectively. The corresponding commutation relations read
[Qa5, J
b¯1,b
k (x)] = −iδabJ ω¯k (x), [Qa5, J ω¯k (x)] = iJ b¯1,ak (x), [Qav, J b¯1,bk (x)] = −iabcJ b¯1,ck (x).
(A.6)
Similar commutation relations can be obtained for other currents as
[Q05, J
ω¯
k (x)] = −iJ h¯1k (x), [Qa5, J ρ¯,bk (x)] = iδabJ h¯1k (x), [Qav, J ρ¯,bk (x)] = −iabcJ ρ¯,ck (x).
(A.7)
The mixing properties are diagrammatically described in Fig. 9.
A.2 Transformation of tensor currents in relativistic generalization
The covariant currents are defined as J0µµ¯ ≡ q¯T 0σµµ¯q and J˜aµµ¯ ≡ −12µµ¯αβ q¯T aσαβq to
describe the ω¯ and b¯1 states, respectively, in the parity-odd projection at boosted frame.
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SU(2)L ⊗ SU(2)R
SU(2)L ⊗ SU(2)R
UA(1) UA(1)
b¯1[1
+(1+−)] ω¯[0−(1−−)]
ρ¯[1+(1−−)] h¯1[0−(1+−)]
q¯TAσµνq
Figure 9. Four different spin-1 mesonic states in tensor representation under U(1) × SU(2)L ×
SU(2)R. These constitute quartet elements of U(2)L ×U(2)R.
σ σ
(a)
σ
(b)
σ
Figure 10. Diagrammatical description of the four-quark contributions in the OPE of correla-
tor (4.2). (a) contribution to the invariant (4.6) and (b) the invariant (4.7). The blob with ‘σ’
represents the tensor current representation.
The flavor axial charge commutation relations are[
Qa5, J
0
µµ¯(x)
] → −q¯(x)T aγ5σµµ¯q(x)
= − i
2
µµ¯αβ q¯(x)T
aσαβq(x) = iJ˜aµµ¯(x), (A.8)[
Qa5, J˜
b
µµ¯(x)
]
→ 1
2
µµ¯αβδ
abq¯(x)T 0γ5σ
αβq(x)
=
1
2
µµ¯αβ
i
2
αβνν¯δabq¯(x)T 0σνν¯q(x) = −iδabJ0µµ¯(x). (A.9)
Similarly, the other commutation relations can be obtained in covariant generalization as
[Qa5, J
b
µµ¯(x)] = −iδabJ˜0µµ¯(x), [Qa5, J˜0µµ¯(x)] = iJaµµ¯(x), (A.10)
[Q05, J˜
a
µµ¯(x)] = −iJaµµ¯(x), [Q05, Jaµµ¯(x)] = iJ˜aµµ¯(x), (A.11)
[Q05, J
0
µµ¯(x)] = −iJ˜0µµ¯(x), [Q05, J˜0µµ¯(x)] = iJ0µµ¯(x). (A.12)
These lead to the same diagrammatical summarization presented in Fig. 9.
B Technical remarks on sum rules analysis
B.1 Four-quark condensates
In the OPE of the tensor current correlator, the four-quark condensate terms are the lowest
mass-dimensional quark contribution. These condensates determine the asymptotic behav-
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(a)
σ σ
λ
λ
· · ·
(b)
σ λ···
λ σ
Figure 11. Correlation types of the mesonic quantum numbers: (a) connected and (b) disconnected
correlation of Dirac eigenmodes. Here, ‘σ’ in the blob and ‘λ’ in the quark correlation represent the
tensor current representation and the Dirac eigenmode, respectively.
ior of the Borel curves and distinguish parity eigenstates. The condensates in Eqs. (4.14)
and (4.15) give huge contribution to the sum rules because the Wilson coefficient of the
invariant term of Eq. (4.6) is dominant over the others. The corresponding diagrammat-
ical description can be found in Fig. 10(a). Unfortunately, the values of these four-quark
condensates are unknown at present, and are thus estimated, for example, by adopting the
vacuum saturation hypothesis. However, the usual factorization scheme does not reflect all
the possible contributions in the condensates. In the condensates defined in Eqs. (4.14) and
(4.15), isospin and color matrices appear in the condensates, and the usual factorization
scheme only allows ‘quark connected’ correlations as in Fig. 11(a) when there are isospin
matrices in the quark bilinears. Although isovector terms cannot have ‘quark disconnected’
contribution [Fig. 11(b)], the isoscalar terms can have contributions even if they are colored.
One can consider the non-local generalization of meson interpolating current,
MAµµ¯(y, x; c) = q¯(y)T
Aσµµ¯ exp
[
ig
∫ y
x
dzνAν(z)
]
q(x). (B.1)
Then, in the very small but nonzero space-time separation  = |y − x| 6= 0  1 which can
be allowed in the relevant hadron size for the quark correlation average, gauge corrections
are needed to fix the initial and final interpolated states on the equivalent gauge orbit
[Fig. 11(b)]. Therefore, if the pair of colored isoscalar bilinear appears in totally color
blind configuration, there is no reason to discard disconnected contribution. Considering
that the relative sign between two contributions is negative, the magnitude of the isoscalar
parameter is assigned to be smaller than that of the isovector parameter: |α0| < |αa|,
|β0| < |βa|.
We now consider the condensates containing pseudoscalar type bilinear as in Eq. (4.15).
Since ψ0 and γ5ψ0 reside in the same eigenspace (λ = 0), the vacuum average of pseudoscalar
bilinear does not vanish in the nontrivial gauge configuration [40]:
〈q¯γ5q〉ν = − limmq→0
〈∑
λ
ψ†λγ5ψλ
mq − iλ
〉
= −pi(nR − nL) ≡ piν, (B.2)
where ν denotes the winding number, and the inner product between the modes in different
eigenspace vanishes. If all the gauge configuration is summed up, the vacuum average can
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Figure 12. Borel curve (a) for the meson pole residue fTω¯ and (b) for the tensor current-hybrid
coupling ch¯y.ω¯ with reversed parameter set (α0 = −0.8, β0 = −0.4).
be written as
〈q¯γ5q〉 =
∑
ν
eiνθ 〈q¯γ5q〉ν = 2pii
∞∑
ν=0
ν sin νθ ' 0, (B.3)
where θ is the QCD vacuum angle. However, for the quark correlation in the four-quark
vacuum average, the nontrivial topological contribution should appear in terms of ν2 and
would not vanish in the summation. In this study, the nontrivial contribution is assumed
to appear as an alternating series of ν2 in Eq. (4.15) while it does not in Eq. (4.14), which
leads to |αA| > |βA|.
The condensate (4.16) contributes to the invariant piece (4.7) whose diagrammatical
description is given in Fig. 10(b). As the vector bilinear is obtained from the field equation
of the gluons, at least the sign of the usual factorization estimation has been justified in
Euclidean space [20]. Therefore we take the usual vacuum saturation value of γ = 1.
Furthermore, its contribution in Eq. (4.7) is much smaller than those from the other four-
quark condensates so that a slightly different value for gamma will not change the main
result of the present work.
B.2 Supplementary remarks for the sum rules with αA < 0, βA < 0
In the previous arguments, the proper sets (α0 = 0.8, β0 = 0.4) and (αa = 1.0, βa = 0.5)
have been used for Borel sum rules for the ω¯ and b¯1 states, respectively. If we use the
reversed sign of the parameter set, the Borel curves for fT∓ and c
h¯y.
∓ are obtained as shown
in Fig. 12 and Fig. 13, respectively. In this case, fTω¯ shows plateau-like behavior even in
the one-particle pole limit (ch¯y.ω¯ = 0). In the optimized condition, the stable Borel curves
provide fTω¯ = 0.11 and c
h¯y.
ω¯ = 2.0 as plateau values. It is found that the magnitude of fTω¯
reduces to 90% when we vary ch¯y.ω¯ from 0 to 2.0, while c
h¯y.
ω¯ becomes 20% of its original value
when we change fTω¯ from 0 to 0.11. This means that the ω¯ state becomes dominated by
the one-particle mesonic state with the set of (α0 = −0.8, β0 = −0.4).
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Figure 13. Borel curve (a) for the meson pole residue fT
b¯1
and (b) for the tensor current-hybrid
coupling ch¯y.
b¯1
with reversed parameter set (αa = −1.0, βa = −0.5).
However, this tendency becomes unclear in the case of the b¯1 analysis. As one can
find in Fig. 13, fT
b¯1
and ch¯y.
b¯1
do not show stable behavior with ch¯y.
b¯1
= 0 and fT
b¯1
= 0.00,
respectively. In the optimized condition, even though the Borel curve for fT
b¯1
strongly
depends on the continuum threshold, the scale of each coupling strength becomes about
80% and 45% of their original magnitudes when we vary ch¯y.
b¯1
from 0 to 0.9 and fT
b¯1
from 0
to 0.12, respectively. This observation then leads us to the conclusion that the b¯1 state is
dominated by the one-particle meson state within the set of (αa = −1.0, βa = −0.5). This
result leads to the usual VMD scenario (b1 → piω → piγ).
Considering that the Borel curve for fT
b¯1
is highly dependent of the parameter set, it is
possible that the non-negligible part of b¯1 could be a pi-ω hybrid state. However, this kind
of hybrid state leads to a stable ω(782) state after pion breaking, where the VMD scenario
for the radiative decay is still valid.
B.3 Borel sum rules
By assuming regularity of the correlation function, the invariants can be written in disper-
sion relation as
Πi(q
2) =
1
2pii
∫ ∞
0
ds
∆Πi(s)
s− q2 + Pn(q
2), (B.4)
where Pn(q2) is the finite order polynomial in q2, which comes from the integration on the
circle of contour on complex plane and the discontinuity ∆Πi(s) ≡ lim→0+ [Πi(s + i) −
Πi(s − i)] = 2i Im[Πi(s + i)] is defined on the positive real axis. Then all the possible
physical states are contained in this discontinuity. In the phenomenological point of view,
the invariant can be assumed to have a pole and continuum structure as
∆Πi(s) = ∆Π
pole
i (s) + θ(s− s0)∆ΠOPEi (s), (B.5)
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where s0 represents the continuum threshold. To suppress the continuum contribution, the
weight function W (s) = e−s/M2 may be used as
WM [Πi(q2)] = 1
2pii
∫ ∞
0
ds e−s/M
2
∆Πi(s). (B.6)
The corresponding differential operator B can be defined as
B[f(−q2)] ≡ lim
−q2,n→∞
−q2/n=M2
(−q2)n+1
n!
(
∂
∂q2
)n
f(−q2). (B.7)
By making use of this operator in Eq. (B.4), one obtains
WM [Πi(q2)] = 1
2pii
∫ ∞
0
ds e−s/M
2
∆Πi(s) = B[Πi(q2)], (B.8)
where following relation has been used:
B
[
1
s− q2
]
= e−s/M
2
. (B.9)
The residues located after the continuum threshold with finite s0 can be subtracted as
Wsubt.M [Πi(q2)] =
1
2pii
∫ s0
0
ds e−s/M
2
∆Πi(s) = B[Πi(q2)]subt.. (B.10)
Using the following integral identities,∫ ∞
s0
ds e−s/M
2
= M2e−s0/M
2
, (B.11)∫ ∞
s0
ds se−s/M
2
= (M2)2e−s0/M
2 (
s0/M
2 + 1
)
, (B.12)∫ ∞
s0
ds s2e−s/M
2
= (M2)3e−s0/M
2 (
s20/2M
4 + s0/M
2 + 1
)
, (B.13)
the subtraction of continuum contribution for the OPE side can be summarized as
E0(s0) ≡ 1− e−s0/M2 , (B.14)
E1(s0) ≡ 1− e−s0/M2
(
s0/M
2 + 1
)
, (B.15)
E2(s0) ≡ 1− e−s0/M2
(
s20/2M
4 + s0/M
2 + 1
)
. (B.16)
These results are used when En is multiplied to all (M2)n+1 terms in B[Πi(q2)]. This
weighting scheme and subsequent spectral sum rules are known as the Borel transformation
and Borel sum rules, respectively.
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